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Abstract

Although sorts and unary predicates are semantically
identical in order-sorted logic, they are classified as dif-
ferent kinds of propertiesin formal ontology (e.g. sortal
and non-sortal). This ontological analysisis an essen-
tial notion to deal with properties (or sorts) of objectsin
knowledge representation and reasoning. In this paper,
we propose an extension of an order-sorted logic with
the ontological property classification. This logic con-
tains types (rigid sorts), non-rigid sorts and unary pred-
icates to distinguishably express the properties: sub-
stantial sorts, non-substantial sorts and non-sortal prop-
erties. We define a sorted Horn-clause calculus for
such property expressions in a knowledge base. Based
on the calculus, we develop a reasoning algorithm for
many separated knowledge bases where each knowl-
edge base can extract rigid property information from
other knowledge bases (called rigid property deriva-
tion).

I ntroduction

Order-sorted logic (Oberschelp 1962; Cohn 1987; Walther
1988; Weibel 1997) involves many sorts and their hierar-
chy (called sort-hierarchy). The advantages of order-sorted
logic are the following three points. The first is a reduc-
tion of the search space, by restricting the domains and
ranges of functions, predicates and variables to subsets of
the universe (Walther 1985; 1987; 1988). The second is
structural knowledge representation by means of partially
ordered sorts, whereas the description of first-order logic is
flat (Cohn 1989). Inthefield of artificial intelligence, the use
of sorts has facilitated two kinds of knowledge representa-
tion: assertions and class-hierarchies, in logic programming
languages and deduction systems (Ait-Kaci & Nasr 1986;
Kifer, Lausen, & Wu 1995; Smolka 1989; Kaneiwa & Tojo
1999). Thethird isthe detection of sort errorsin well-sorted
formulas (Oberschelp 1989), like typed programming lan-
guages. For example, let breathing(x: animal) be well-
sorted. Theformulabreathing(1: int) containsasort error,
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as opposed to being a false formula. However, in unsorted
logic, we cannot detect sort errors even if the sorted formula
breathing(z: animal) is expressible by animal(z) =
breathing(z), since, animal(l) = breathing(1l) is re-
garded as a well-formed formula

In sort theory (Beierle et al. 1992; Frisch 1989) and con-
straint logic (Birckert 1994), the subsort relation s < s’
in a sort-hierarchy is represented by its equivalent impli-
cation form s(z) = s'(z) in first-order logic. This trans-
lation motivates us to consider whether or not sorts and
unary predicates are logically and semantically identical.
In the literature of ontology, these sorts and unary predi-
cates correspond to properties as sets of individuals. Fur-
thermore, in (Guarino, Carrara, & Giaretta 1994), properties
are subdivided into sortal and non-sortal (Strawson 1959;
Lowe 1989) where sortal is classified as substantial (e.g. ap-
ple) and non-substantial (e.g. student), and non-sorta is
as pseudo-sortal (e.g. gold) and characterizing (e.g. red).
This property classification is important in order to take ac-
count of the differences between sorts and unary predicates
in structural knowledge systems.

However, the formalization of order-sorted logic does not
include an ontological property classification, such as sor-
tal and non-sortal. On the other hand, ontology researchers
do not seem to be concerned with incorporating such notions
into an alternative logical system, by defining the syntax, se-
mantics and inference system (cf. (Carrara& Giaretta 2001;
Kaplan 2001; Gangemi, Guarino, & Oltramari 2001)).

In this paper, we refine an order-sorted logic by combin-
ing it with the ontological property classification. Specif-
icaly, we take the notions of substantia sorts, non-
substantial sortsand non-sortal properties expressed astypes
7 (Guarino & Welty 2000a), non-rigid sorts ¢ and unary
predicates p (as shown in Table 1). The distinction between
properties varies the meaning of instantiation of properties
(i.e. aterm t isan instance of a property). Semantically, the
instantiation of atype 7(¢) means that ¢ eternally belongs to
7 since al types arerigid. In contrast, the instantiation of a
non-rigid sort o (¢) and a unary predicate p(t) is not always
true since non-rigid sorts and unary predicates are not rigid.
For example, let person be atype, student be a non-rigid
sort, and happy be a unary predicate. Then, person(john)
can be true anytime, but the truth of student(john) and
happy(john) is changeable in different situations. Using



Table 1: Rigidity of types, sorts and unary predicates

| property | expression | instance_of | subsumption
substantial sort type T 7(t) rigid 1 < To
non-substantia sort | sorts [ non-rigidsorto | o(%) o1 < To for all situations
non-rigid | o1 < o2
non-sortal property | unary predicate p p(t) p1(x) = p2(x) for some Situations

our logic, subsumption between properties (i.e. a prop-
erty subsumes a property) can be expressed by either of the
two forms : subsort and implication. The subsort relations
1 < T, 01 < 79 and o1 < o9 are declared to be true in
all situations, but the implication form p; (z) = p2(x) holds
only in some situations. For example, student < person is
true in any situation, but the truth of rich(x) = happy(x)
depends on each situation. This specification indicates that
the implication form s, (z) = s2(x) isinadequate to render
subsumption between sorts s+, s, rigid*. Hence, we should
choose the subsort relation s; < so to express subsump-
tion between sorts. Additionally, any relation of the form
71 < o9 (i.e. atypeisasubsort of a non-rigid sort) is not
allowed as subsumption due to the consideration of rigid and
non-rigid propertiesin (Guarino & Welty 2000b).

To suitably formalize these notionsin logic, we employ an
order-sorted logic with sort predicates (Beierle et al. 1992;
Kaneiwa 20044) as a basic language. For types  and non-
rigid sortso, thislogic allowsusto expresstheir correspond-
ing unary predicates p, and p, (called sort predicates)?
when denoting atomic formulas p(t) of unary predicates p.
Our approach carefully addresses the rigidity of types, non-
rigid sorts and unary predicates in sorted expressions of the
logic. In standard order-sorted logic, a variable = of sort s
is denoted by = : s and a constant ¢ of sort s isby c: s. In
contrast, we allow the expressions z:: 7, x: o and ¢: 7, but
do not alow the expression c: o. For example, 1 : person
and z- : student arevariablesof thetype (rigid sort) person
and the non-rigid sort student, and john: person isacon-
stant of the type person. However, a constant of anon-rigid
sort ¢: o may be meaningless, e.g., john: student if John
is not a student eternally. Namely, since the elements of
non-rigid sorts are not fixed, an element may not belong to
anon-rigid sort in a situation. Thus, we require that such a
non-rigid sort be used as a sort of variables z: o and as a
sort predicate o (t) (or p,(t)). For example, we can describe
the formulas

excellent(z : student)

= getting_a_scholarship(z: student)

and student(john).

This paper presents areasoning algorithm for dealing with
the rigidity of types, non-rigid sorts and unary predicates
and their hierarchies. Following the notion of rigidity, in-

INotethat we here discussrigidity of subsumption but not rigid-
ity of properties.

2A sort predicate p, is simply denoted by s when this will not
cause confusion.

stantiation and subsumption of properties behave meaning-
fully toward reasoning in many knowledge bases. Figure 1
shows many knowledge bases separately constructed in their
respective situations, together with the hierarchies of sorts
and types. In this case, each knowledge base can commonly
make use of sorts and types in the hierarchies, and further-
more it might be able to extract rigid property information
from other knowledge bases. As a motivating example, we
consider the following knowledge bases (with the sort and
type hierarchiesin Figure 2):

knowledge base 1:

(1a) male_student(john: person),
(1b) excellent(john: person),
(1c) excellent(x: student)
= getting_a_scholarship(x: student)

knowledge base 2:

(28) teacher(mary: person),
(2b) likes(mary: person,x: student),
(2¢) likes(mary: person,x: bird)

knowledge base 3:

(38) canary(peter: animal),
(3b) bird(xz: animal) = canfly(z: animal)

knowledge base 4:

(4a) father(tony: animal, peter: animal),
(4b) father(y: animal,x: animal)
A bird(z: animal) = bird(y: animal)

The instantiation (3a) is true in the knowledge base 3, and
if the subsumption canary < bird holdsin the hierarchies,
then bird(peter : animal) can be derived in the knowledge
base 3. Thisis also true in any other knowledge bases since
the valuation of the type bird does not depend on a par-
ticular situation, i.e., it isrigid. In other words, the ele-
ments of the type bird can be fixed (Peter is eternaly a
bird), unlike the elements of the non-rigid sort student.
Hence, sinceinstantiation asrigid property information must
be true in dl situations, bird(peter: animal) is exten-
sively true in the knowledge bases 1, 2 and 4. By this ad-
ditional information, the knowledge base 2 concludes the
new fact likes(mary: person, peter: animal) from (2c),
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Figure 1: Many knowledge bases with sort and type hierarchies

which cannot be derived without importing the information.
Also, the knowledge base 4 can derive bird(tony : animal)
(Tony is a bird) from the fact (4a) and the rule (4b).
The rigid property information recursively® and further-
more results in can fly(tony: animal) in the knowledge
base 3 and likes(mary: person,tony: animal) in the
knowledge base 2. However, when the instantiation (1a)
and the subsumption male_student < student hold,
student(john : person) istrue only in the knowledge base
1 because student is anon-rigid sort. Hence, (2b) does not
derivelikes(mary: person, john: student) inthe knowl-
edge base 3.

This paper is organized asfollows. First, we formalize an
order-sorted logic extended with types, non-rigid sorts and
sort predicates. Next, we develop a Horn-clause calculus
with sorted and unsorted substitutions and inference rules of
sort predicates. Based on the calculus, we present a deriva-
tion method of rigid properties for many separated knowl-
edge bases. Then, we prove the completeness of the sorted
Horn-clause calculus and the rigid property derivation. Fi-
nally, we discuss the conclusions and future work.

An order-sorted logic with rigidity and sort
predicates

We introduce the classified property expressions. types,
non-rigid sorts and unary predicates in the syntax and se-
mantics of an order-sorted logic with sort predicates (based
on (Socher-Ambrosius & Johann 1996; Schmidt-Schauss
1989; Manzano 1993)).

Syntax

Definition 1 The alphabet of a sorted first-order language
L with rigidity and sort predicates contains the following
symbols:

1. T: a countable set of type symbols 71,72, ...
the greatest type T

2. N: acountable set of non-rigid sort symbols o1, o9, . ..
WithT NN =0

3First, the knowledge base 3 exports rigid property information
to the knowledge base 4. Then, a new fact can be derived in the
knowledge base 4, and inversely, the knowledge base 3 imports the
new fact as rigid property information from the knowledge base 4.

including

3. C: acountable set of constant symbols

4. F,: acountable set of n-ary function symbols
5. P,: acountable set of n-ary predicate symbols
6. <, (,): the connective and auxiliary symbols

We generaly call type symbols (denoted 7, 71, 72,...) or
non-rigid sort symbols (denoted o, o1, 02, . .. ) sort symbols
(denoted s, s1, 82, ... ). Namely, TUN isthe set of sort sym-
bols. V, denotes an infinite set of variables x: s,y: s,2: s,

. of sort s. The set of variables of all sortsis denoted by
V =U,erun Vs Foral sortss € T U N, the unary predi-
cates ps € Py indexed by the sorts s (called sort predicates)
are introduced, and the set of sort predicates is denoted by
Proy = {ps | s € TUN}. In particular, the predicate p,
indexed by atype 7 is called atype predicate, and the pred-
icate p,, indexed by a non-rigid sort ¢ is called a non-rigid
sort predicate. |nwhat follows, we assume that the language
L contains all the sort predicatesin Pryy.

Definition 2 (Sorted signatures with rigidity)

A signature of a sorted first-order language £ with rigidity
and sort predicates (called sorted signature) isa tuple ¥ =
(T, N,Q, <,<;) such that:

1. (T,<) is a partially ordered set of types (called a type
hierarchy) where T is the same as the set of type symbols
inz;

2. (T UN,<;)isapartially ordered set of sorts (called a
sort hierarchy) where

(8 T'U N isthe union of the set of type symbols and the
set of non-rigid symbolsin L,

(b) each ordered pair is not of the form 7 <, o (i.e. itis
of theformo; <4 0;,0 <4 T7or 7, <4 1), and

(C) Ile < Tj thenTi §+ Tjs

3. if ¢ € C, then there is a unique constant declaration of
theforme: — 7 € Q (whichmeansc: § — 7 € Q);

4. if f € F,, then thereis a unigue function declaration of
thefomf: 7 x---x7, - 7€Q;

5. if p € P,, then there is a unique predicate declaration of
theformp: sy x --- x s, € Q (in particular, for all sort
predicates ps € Prun, ps: T € Q).

Constants and functions are required to be rigidly sorted.
Specifically, constant and function declarations are defined



by types 7; in order to avoid the non-rigid domains and
ranges of constants and functions. In contrast, predicate
declarations are defined by any sorts s; (types or non-rigid
sorts), since the domains of predicates can be not rigid. For
instance, consider the constant and function declarations:

john: — person € ()
father: person — person € ()

for john € C, father € Fy and person € T, and the
predicate declaration:

getting_a_scholarship: student € )

for getting-a_scholarship € P, and student € N. If un-
rigidly sorted constants and functions are alowed for, then
the following declarations:

john: — student € Q
father: person — teacher € 2

for student, teacher € N giverise to the sorted terms:

john: student
father(john: student): teacher.

The first expresses the constant john of the non-rigid sort
student, and the second represents the function father
with the argument john: student the range of which is
the non-rigid sort teacher. From the perspective of rigid-
ity, we regard these expressions as meaninglessly sorted be-
cause John and John’s father are not a student and a teacher
eternaly.

The type hierarchy in a sorted signature corresponds to
the backbone taxonomy consisting only of rigid proper-
ties (Welty & Guarino 2001). By the consideration of sub-
sumption in (Guarino & Welty 2000b), any relation of the
form T <, o isnot allowed inthe sort hierarchy, since types
T arerigid but non-rigid sorts o are not rigid. Next, we de-
fine terms, atoms (atomic formulas), goals and clauses of a
sorted first-order language with rigidity and sort predicates.

Definition 3 (Typed terms) Let ¥ = (T, N,Q,<,<,) be
a sorted signature. The set 7. of terms of type 7 is defined
by the following:

Llfz:TeV, thenx: 7€ 7.
2 IfceCandec: —17€Q,thenc: 7€ 7.
3 MftheT ... tpn €T, fe€F,andf: X - X1, —

T1?

TeQ, then f(t1,... ,tn): T €T .
4. Ifte T andr < r,thente 7.

Note that the set 7.~ of terms of type 7 contains terms
of subtypes 7 with 7/ < 7 (by the forth clause in Defini-
tion 3). For example, let person, animal be types and let
person < animal € . Then, john: person belongs to
theset 7 . . of termsof thetype animal.

Definition 4 (Non-rigid sorted terms) Let ¥ = (7, N, Q,
<, <) be asorted signature. The set 7~ of terms of non-
rigid sort o is defined by the following:

1L lfz:o0eV,, thenz: o€ 7.

2. Ifte7T/jando’ <, o,thent € 7.

By this definition, the only non-rigid sorted termsare vari-
ables. We call a typed term or a non-rigid sorted term a
sorted term.

Definition 5 (Sorted terms) Let = = (T, N,Q,<,<.) be
a sorted signature. The set 7, of terms of sort s is defined by
the following:

1 Ifte 7 ,thent € 7.

2. Ifte Ty ands’ <, s, thent € T,.

The set of terms of all sorts is denoted by 7 =
Userun Zs- The function sort is a mapping from sorted
terms to their sorts, defined by (i) sort(x: s) = s, (ii)
sort(c: 7) = 7 and (iii) sort(f(t1,... ,tn): 7) = T.
Definition 6 The function Var: 7 — 2V is defined by the
following:

1 Var(z: s) ={x: s},
2. Var(c: 7) =0force C,and
3 Var(f(t, .. stn): 7) = Uyj<ic, Var(ty) for f € F,.

A sorted term is called ground if it is without variables.
To = {t € T|Var(t) = 0} is the set of ground sorted
terms. The set of ground terms of sort s isdenoted by 7 s =

To N 75. Inthe following, Horn clauses (LIoyd 1987; Doets
1994) are defined by sorted formulas of the language.

sort hierarchy
type hierarchy

T

animal
pe/ mde  bird

student ary

teacher

male_student

Figure 2: Sort and type hierarchies in a sorted signature

Definition 7 Let ¥ = (T, N, Q, <, <, ) be a sorted signa-

ture. The set A of atoms, the set G of goals and the set C of

clauses are defined by the following:

LIftyeTZ,...,.th €T, ,pe Pyandp: sy X--- X sy, €
Q,thenp(tq,... ,t,) € A.

2. |fL1, ,Ln S A(n > O),then{Ll,

B fGegGandL e A thenL — G €C.
An atom p,(t) with a sort predicate is ssmply denoted by

s(t) when thiswill not cause confusion. Theclauses L «— G

aredenoted by L — if G = 0.

Definition 8 The function EVar: AUGUC — 2V isde-

fined by the following:

Ly} eq.



1. EVar(p(ty,...

2. EVar({Ly,...
(Ln)

3. EVar(L — G) = EVar(L)U EVar(G)

Examplel Let us consider the sorted signature ¥ =

(T, N,Q,<*, <) such that
T =
N =
QO = {john: — person, mary: — person,

7t7l)) = Var(tl) U---u Var(tn>
,Ln}) = EVar(Li) U --- U EVar

{ male, person, canary, bird, animal, T },
{ teacher, student, male_student },

peter: — animal, tony: — animal,
excellent : person, likes: animal X T,
getting_a_scholarship: student,
father: T x T, canfly: T } U
{ps: T|s€TUN },
= { (canary,bird), (bird, animal), (animal, T),

IN

(person, animal), (male, animal) },
< U { (male_student, male),
(teacher, person), (student, person),

<+ =

(male_student, student) }.

and <*,<* are the reflexive and transitive closures of <,
<, . This sorted signature declares the sort and type hierar-
chiesin Figure 2. The expressions:

student(john: person) «,
canfly(z: animal) — {bird(x: animal)}

are clausesin the sorted first-order language.

Semantics

The semantics of an order-sorted logic with rigidity and sort
predicates is defined by a Kripke model. This characterizes
therigidity of typesand non-rigid sorts by interpreting them
in the set of worlds.

Definition 9 (X-models) Let ¥ be a sorted signature. A
sorted 3-model M isatuple (W, U, I) such that

1. W isanon-empty set of worlds,

2. U isanon-empty set of individuals,

3. I ={I, | we W} istheset of interpretation functions
I, for all worldsw € W with the following conditions:
(@) ifs € TUN,then I,(s) C U (inparticular, I,,(T) =

U),
(b) if S; §+ S; for Siy 85 cTUN, then I“,(Si) - Iw(Sj),
(¢ ifce Candec: — 7€ Q,then I,(c) € L,(1),
diff e Fpband f: g x - X1, — 7 € €, then
Lo(f): Ty(71) X -+ X Ty(m0) — Lp(7),
(e ifpe Pobandp: s1 X -+ x s, € Q, then I,,(p) C
Iy(s1) X -+ X Ty(8n).
By restricting X-models, we give the class of rigid X-
models as follows.
Definition 10 (Rigid X:-models) Let 3 be a sorted signa-
ture. A rigid sorted 3-model is a sorted ¥-model M =
(W, U, I) such that for all w;,w; € W, Ly, (1) = Ly, (7),
Ly, (c) = ij (c)and I, (f) = ij (f)

A (rigid) sorted X-model M = (W,U,I) issaid to be a
(rigid) sorted X*-model if the following conditions hold:

1 If se TUN,thenT,(s) = L,(ps)-
2. If 55 <y s, then I, (ps,) € Luw(ps,)-

In the sorted X*t-models, the interpretation of sorts s
is equivalent to the interpretation of the sort predi-
cates p,. A variable assignment on a ¥-model M =
(W, U, I) is afunction o,,: V. — U where a,,(z: s) €
I,(s). The variable assignment a,,[z: s/d] is defined by
au\{(z: s,ay(z: 8))}U{(z: s,d)}. A T-interpretation Z
isapair (M, ) of aX-model M and aset of variableassign-
mentsa = {a, | w € W}onM. LeteZ = (M,a). The
Y-interpretation (M, a\{ow,} U {aylz: s/d]}) is denoted
by Zaw,[x: s/d].

Definition 11 Let Z = (M, «) be a Z-interpretation. The
denotation [ ], ., : 7 — U isdefined by the following:

w7

1 [z: 8], =aw(z:s),
2. [e: T]]w’a = I,(c),
3B [ty stn): Tl = Lu(F) (1] ao -+ [En]wo)-

The satisfiability of atoms, goals and clauses are defined
for a X-interpretation Z and aworld w € W.

Definition 12 (X-satisfiability relation) Let T = (M, «)
with M = (W, U, I) bea Z-interpretation, let FF € AUGUC
and w € W. The X-satisfiability relation Z,w = F isde-
fined inductively as follows:

1 Z,’LU ): p(th'" 7tn) Zﬁ ([[tl]]w,a"" ’Ht”]]w,a) €
Ly (p).
2. Z,wE{L,... . L} iff Zow E Ly, ... ,Z,w = L.

3 Z,w E L « Giff foral di € I,(s1), ....,dn €
Iy(sn), Zolzy: s1/dy, ..., Tp: sp/dp],w = G im
plies Zay,[z1: s1/d1, ..., xn: sp/dy),w |E L where
EVar (L — G)={x1: 81,... ,Tp: Sp}.

LetT" beaset of formulasin AUGUC. WewriteZ,w =T
if, for every foomula F' € T, Z,w | F. A formula F is
said to be Y-satisfiable if for some X-interpretation 7 and
world w, Z,w |= F. Otherwisg, it is X-unsatisfiable. F'
is a consequence of T" in the class of Y-interpretations (de-
noted I' = F) if for any X-interpretation Z and w € W,
Z,w | T'impliesZ,w E F. A X-interpretation Z =
(M, ) isa X t-interpretation if M isa X T-model. Anal-
ogously, X" -satisfiability and consequences in the class of
Y *-interpretations (denoted T’ =" F') can be defined.

Knowledge Base Reasoning with Rigid
Properties

In this section, we develop a knowledge base reasoning sys-
tem for our order-sorted logic with rigid properties. We first
extend a Horn-clause calculus (Hanus 1992) by incorporat-
ing sorted and unsorted substitutions and inference rules of
type predicates. Based on the calculus, we define arigid
property derivation method for many separated knowledge
bases.



Extended Horn-clause Calculus

We define a sorted substitution such that each sorted variable
x: sisreplaced with awell-sorted termin 7.

Definition 13 (Sorted substitution) A sorted substitution
is a partial function : V' — 7T such that 6(x: s) €
T, —{z: s} and Dom/(9) isfinite.

Moreover, an unsorted substitution is defined as a substi-
tution operationally ignoring the sort of each variable which
may lead to ill-sorted terms.

Definition 14 (Unsorted substitution) An unsorted substi-
tutionisapartial function9*: V' — 7 suchthat 6%(z: s) €
T — {z: s} and Dom(6") isfinite.

For example, for student <4 person, 0%(x: student)
= john: person isan unsorted substitution, but not a sorted
substitution. Each of sorted and unsorted substitutions can
be represented by {x1: s1/t1,..., Tn: sn/tn}. LetO bea
sorted substitution. 6 is called a ground sorted substitution
if for every variable x: s € Dom(6), 8(x: s) is aground
sorted term. The restriction of a sorted substitution 6 to
V(C V)isdefinedby 01V' = {z: s/0(z:s) | x: s €
V' N Dom(0)}. 6 isaground sorted substitution for V” if
V' C Dom(8) and 87 V' is a ground sorted substitution.
The identity substitution isdenoted by ¢ (i.e. Dom(e) = 0).
Similarly, these notions are defined for unsorted substitu-
tions 9.

In the usual manner of logic, sorted and unsorted substi-
tutions are extended to terms, atoms, goals and clauses. Let
E be an expression, 6 be a sorted substitution and 8* be an
unsorted substitution. The sorted and unsorted substitutions
to variablesin E are denoted by E0 and E6“.

Definition 15 O Let £ € TUAUGUC and let v bea sorted
substitution 6 or an unsorted substitution 8. The expression
E~y is defined by the following:

x: sy =~v(x: s)ifx: s € Dom(y),

x:sy=u:sifz: s ¢ Dom(y),

CfEy e tn) Ty = fty, e S ty): T
ot ety =Y, e s EY)s
. {L17"' 7L7l}’y: {L1’77 aLn’y}’

oOUNAWNPRE

. (L — G)y= Ly« G~.

Let t beasorted term. Theterm ¢t iscalled anill-sorted
term if 0% ¢ 7. 0 (resp. 6“) is a ground sorted sub-
stitution (resp. ground unsorted substitution) for E if E6
(resp. EO") is ground. The composition 0,6, of sorted
substitutions #; and 62 (resp. unsorted substitutions 6%
and 6%) is defined by (x: 5)0102 = ((z: s)01)02 (resp.
(a2 $)010% = ((z: 5)01)03).

Lemmal LetZ = (M,a) with M = (W,U,I) bea X-
interpretation, L — G bea clause, § be a sorted substitution
andletw e W. If Z,w = L — G, thenZ,w = (L «— G)6.

Proof. Suppose Z,w = L < G. By Definition 12, for
al dl S Iw(Sl), ,dn € Iw(Sn), IOéw[IL'li Sl/dl,... s
Tn: Spfdn],w G implies Zay|zy: s1/d1, ...,
Tn: Sp/dy], w = L. Letd] € I,(sY), ... . d, € L,(s},)
where EVar((L «— G)0) = {y1: sty Ym: Sh,},

and let d; = [0(z;: s;)], for o/ = o\{aw} U
{awlyr: si/dy, ..., ym: s, /di,]}. This derives Z,w |
(L — G)6. 1

Definition 16 (Knowledge base) Let ¥ = (T,N,Q, <,
<) be a sorted signature. A knowledge base K is a finite
set of clausesinC.

Let 0 be a sorted substitution and C be a clause. C¥0 is
called aninstance of C'. The set of al ground instances of C
isdenoted by ground(C). Inthefollowing, we defineinfer-
ence rules in an extended Horn-clause calculus with sorted
and unsorted substitutions.

Definition 17 (Sorted Horn-clause calculus) Let C be a
ground clause and X be a knowledge base. A derivability
of C from K (denoted K + C) in the sorted Horn-clause
calculus is defined as follows:

1. Sorted substitution rule: Let L «— G € K andd isa
ground substitution for L «— G. K + (L «— G)6

2. Cutrule Let L «— G and L' «— G’ U {L} be ground
clauses. T K+ L «— Gand K + L' — G’ U{L}, then
KL «—GUG’

3. Subsort rule: Let p,(t) <+ G and py (t) < G be ground
clauses. If K F ps(t) « G and s < ¢, then K
ps (t) — G.

4. Type predicate rule: Let ¢ be a ground sorted term. If
sort(t) <4 7,then K + p,(t) «.

5. Unsorted type predicate rule: Let ¢ be a sorted term
where EVar(t) = {x1: s1,..., Tn: Sp} and let
ps; (t;) — G; beaground clause. If sort(t) <, 7 and
K F ps,(t1)) « Gi,..., K F ps (tn) — Gj, then
KbEpr(®){z1: s1/t1,... y&n: Spftn}— G1U---UG,.

6. Unsorted substitution rule: Let L «— G € K where
{z1: 81,... ,xn: $nt C EVar(L < G) and let
ps;(t;) — G; beaground clause. If K F pg, (t1) «
Gi,..., K F ps, (tn) — Gp,thenK F (L «—« GU
GiU---UGu){x1: s1/t1,... ,xn: sp/tn}0 Wheref is
a ground sorted substitution for (L «— GUG; U ---U
Gn){xl : Sl/tlv s 5Tt Sn/tn}'

Wewrite € - L if X+ L «. The sorted substitution rule
and the cut rule serve as sorted inference rules in ordinary
order-sorted logic. The subsort rule actualizes an inference
of the implication form ps(¢) = ps (t) with respect to the
subsort relation s <, s’. The type predicate rule derives
axioms p.(t) of type predicates with sort(t) <, 7. For
example, animal(john: person) is vdid if person <
animal. Furthermore, the unsorted type predicate rule and
the unsorted substitution rule are unsorted variants of the
type predicate rule and the sorted substitution rule respec-
tively. These inference rules are based on the sorted resolu-
tion system with sort predicates in (Beierle et al. 1992). In
order to deal with therigidity of sorts, we distinguish types
and non-rigid sorts in the calculus. In particular, the un-
sorted type predicate rule and the unsorted substitution rule
are necessary for reasoning over non-rigid sorted terms. For
anon-rigid sort student € N, if student(john: person)
istrue, then z: student can be unsortedly substituted with a
sorted term john: person while the sort of john: person
is not a subsort of student.



Example 2 Suppose we have the sorted signature ¥ =
(T,N,Q,<*,<%) of Example 1. Consider the following
knowledge bases K1, Ko, K3, Ky:

K1 = {male_student(john: person) «—,
excellent(john : person) «,
getting_a_scholarship(x : student)

— {excellent(x: student)} }

Ko = {teacher(mary: person) «—,
likes(mary: person,x: student) «—,
likes(mary : person,x: bird) «— }

Ks = {canary(peter: animal) «—,
canfly(z: animal) «— {bird(z: animal)} }

Ka

{ father(tony: animal, peter: animal) «—,
bird(y: animal) «— {bird(z: animal),
father(y: animal,x: animal)} }

Figure 3 shows derivationsfrom /C;, K3 inthe sorted Horn-
clause calculus. In the first we can derive the ill-sorted ex-
pression

getting_a_scholarship(john: person)

where for person € T and student € N, person £
student and getting_a_scholarship: student € Q. This
is obtained by an application of the unsorted substitution
rule to the clauses

student(john: person) «,
getting_a_scholarship(zx : student)
— {excellent(x : student)}

with the unsorted substitution

0% = {x: student/john: person}.

Rigid Property Derivation in Knowledge Bases

Normally, the conclusions in each knowledge base are not
derivable from another knowledge base, since knowledge
bases are separately constructed for their respective situa-
tions. Nevertheless, each knowledge base can derive some-
thing from rigid property information in other knowledge
bases. For thisidea, we present a derivation method of rigid
properties in a finite set of knowledge bases (called rigid
property derivation).

Let S = {K4,...,K,} be afinite set of knowledge
bases where K4, ... , K, have the same sorted signature
Y. A X-model M = (W,,U,I) is said to be a knowl-
edge base ¥-model (or simply KB ¥-model) for S if W, =
{wy, ... ,we ) is the set of knowledge base worlds of
Ki,...,K,. Afterwards we assume that every model is a
KB X-model. A (rigid) X-interpretation is called a (rigid)
KB X-interpretation if its model is a (rigid) KB X-model.
We denote IC; |:j,5L Fif for every rigid KB X+ -interpretation
IforS, Z,we E Ky ..., Twe | K, impliesZ,w, =
F. Let usdenote by A, the set of ground atoms. We define
thetheory of L asTh(K) ={L € Ay | K+ L}.

In order to define rigid property derivation, an expansion
of knowledge bases is introduced. The expansion of each

knowledge base is obtained from other knowledge bases by
extracting rigid property information.

Definition 18 (Expansion of knowledge bases) Let S =
{K1,... ,K,} be afinite set of knowledge bases. The ex-
panded knowledge bases K7 of ; in S are defined by the
following:

K = K
Kt = KPUA(TR(KT) U--- UTh(K™))
where A(X) = {p-(t) € Ao | T € T and p,(t) € X}

Each knowledge base K; is expanded to KV, K},... by
adding rigid atomic formulas p(t) derivable in one of the
knowledge bases K1, ... , K, € S. Note that the expansion
is not dependent upon an ordering of S, namely, the final
expansion of all elements of S isuniquely obtained, regard-
less of the ordering. Using this expansion, we define rigid
property derivation in afinite set of knowledge bases.
Definition 19 (Rigid property derivation in S) Let § =
{K1,..., K.} beafinite set of knowledge bases. A ground
atom L is derivable from C; in S (denoted KC; s L) if
there exists an expanded knowledge base 7" of KC; such
that " - L.

Let usconsider rigid property derivation in the knowledge
bases Ki,Ks, K3, K4 of Example 2.

Example 3 Suppose we have the sorted signature > =

(T, N,Q,<*, <% ) of Example 1 and the knowledge bases

K1, Ko, K3, K4 of Example 2. By the expanded knowledge

bases K9, K}, ... of each K; in S = {K1, K2, K3, K4}, the

following derivations can be obtained.

Initially, for the knowledge bases Iy, Ko, K3, Ky, We
have the theories Th(K,),Th(Ks), Th(Ks), Th(K4) as
follows:

Th(K1) = T U{ excellent(john: person),
getting_a_scholarship(john: person),
male_student(john: person),
student(john: person),
male(john: person) }

Th(K2)

Th(K3)

' U{ teacher(mary: person) }

T U{ canfly(peter: animal),
bird(peter : animal),
canary(peter : animal) }

Th(Ks) = TU

{ father(tony: animal, peter: animal) }

where

T = { person(john: person), animal(john: person),
person(mary: person), animal(mary: person),
animal(peter : animal), animal(tony: animal) }.

Note that the theories Th(K,) and Th(Ks3) contain
the rigid atomic formulas male(john: person); and
bird(peter: animal), canary(peter: animal) respec-
tively. In the following steps, the knowledge bases K9, K9,
K3, K are expanded by adding these rigid atomic formulas:



K1 F getting_a_scholarship(john: person):

male_student(john: person) «—

student(john: person) «—

excellent(john : person) «— getting_a_scholarship(john: person) — {excellent(john: person)}

getting_a_scholarship(john : person) «—

K3 b canfly(peter: animal):

canfly(peter: animal) «— {bird(peter : animal)}

canary(peter : animal) «—

bird(peter : animal) «—

canfly(peter: animal) «—

Figure 3: An example of derivations

Step 1:
KY=1K; (1<i<4)

Step 2:
K =KYUA(T?) (1 <i<4)where
70 = Th(K:l) ] Th(’CQ) ] Th(ng) U Th(’C4) and
A(TP) = { male(john: person),
bird(peter: animal), canary(peter: animal) }

Step 3
Th(K1) = Th(K1) UA(T?)
Th(K3) = Th(K2) UA(T?)
U{ likes(mary : person, peter: animal) }
Th(K3) = Th(K3) UA(T?)
Th(K}) = Th(K4)UA(T?)U{ bird(tony: animal) }

In Sep 3, as a result of the expansion, the new con-
clusions likes(mary: person, peter: animal) in Th(K3)
and bird(tony: animal) in Th(K}) can be derived in
the Horn-clause calculus. Moreover, the rigid atomic for-
mula bird(tony: animal) expands the knowledge bases
K1, K3, KL KCh asfollows:

Step 4:
K2 =K!}UA(TY) (1 <i<4)where
T' = Th(K}) UTh(K3) U Th(KY) U Th(K}) and
A(TY) = A(T®) U { bird(tony: animal) }

Step 5:
Th(K?) =Th(K1) UA(TY)
Th(K3) = Th(K3) UA(TY)
U{ likes(mary: person,tony: animal) }
Th(K2) = Th(K}) U A(TY)
U{ can fly(tony: animal) }
Th(K2?) =Th(K}) U A(TY)

In Sep 5, the further new results likes(mary : person,
tony: animal) in Th(K2) and canfly(tony: animal) in
Th(K3) are generated from the expanded knowledge bases

K3,K3,K3,K3.

Step 6:
K3 =K2UA(T?) (1 <i<4)where
T2 = Th(K?) UTh(K2) UTh(K2) U Th(K?2) and
A(T?) = A(TY).

The derivation terminatesin Step 6 because K7, K3, K32, K2
are not expanded anymore.

In this example, the following conclusions are derivable
from each knowledge base in S.

K1 Fs student(john: person)

Ko Vs likes(mary: person, john: person)
However, the knowledge base K5 cannot extract the instanti-
ation student(john : person) from the knowledge base K,
because the sort student isnot rigid. This means that we do

not find whether or not John is a student in the situation of
the knowledge base Ks.

Ko tFs likes(mary: person, peter: animal)
(but Co
Ko Fs likes(mary: person,tony: animal)
(but Co
Ks ts canfly(tony: animal)
(bUt Ks t/

(

/' likes(mary: person, peter: animal))
(

likes(mary : person,tony: animal))

can fly(tony: animal))

These were not derivable in the Horn-clause calculus with-
out rigid property derivation. Our method can derive them
from the knowledge bases k2, K2 expanded by means of ex-
tracting the rigid property information that Tony and Peter
arehirds, i.e.,

K4 Fs bird(tony: animal)
Ks Fs bird(peter: animal).

Completeness of rigid property derivation

In this section, we prove the completeness of the sorted
Horn-clause calculus and the rigid property derivation for
many knowledge bases.



Theorem 1 (Soundness of the Horn-clause calculus) Let
S = {K4,..., K,} beafinite set of knowledge bases and
L be a ground sorted or ill-sorted atom. If IC; = L, then
Ki ETL.

The set of derivable sorted and ill-sorted terms for sort
s in K; |sdef|nedas%; {t | Ki F ps(t)}. We
define the set of derivable terms for al sorts in K; by
7o = Userun To - To prove the completeness of the
Horn clause calculus and the rigid property derivation, we
construct a Herbrand model for a finite set of knowledge
bases.

Definition 20 (Herbrand model) Let S = {K4,... ,K,}
be a finite set of knowledge bases. A Herbrand model My
for Sisatuple (W, Uy, Irr) such that

1 Ws ={we, - ,we},
2. Un =UgesTo
3 Iy = {lu, | w, € W} isthe set of interpretation
functlonsfor "all Wy E W with the following conditions:
@ Iu, (5) = Tos,
(b) ifceCandc: — 7€ Q,then i,

(o if f € F, andf:7'1><---><Tn—>T€Q,then
Ly, (f)(tl, ceeytn) = f(t1,... ,ty): T Where ¢, €
Ly, (rk)for1<k<n and

X s, € §, then Iw)ci(p) -

’Ci(c) =c: T,

(d) |fp € P, andp, 81 X +o-
Iwni(sl) NETRY: Iwm(sn),

The set of rigid derivable sorted and ill-sorted terms for
sort s in KC; is defined as RT % = {t | Ki s ps(t)}. We
define the set of rigid derlvableterms for all sortsin KC; by
RT{)C - USETUN RT(’)CS
Definition 21 (Rigid Herbrand model) A rigid Herbrand
model My for S is a tuple (W, Uy, Iy) with Uy =
Uk,es RTo" Lu, () = Ry, and the other conditions
of Herbrand models.

A (rigid) Herbrand interpretation Zy for S is a pair
(My, ) such that My is a (rigid) Herbrand model for S
and « is a set of variable assignments on My . We define
groundt (L «— G) = ground(L +— G) UJground((L «

ou

G)0%) with 0% = {z1: s1/t1,... ,xn: sp/tn} Where K; -
ps,(te) for 1 < k < n and {x1: $1,... ,Zn: Sn}t C
EVar(L <« G). In the following, we define a canonical
interpretation for afinite set of knowledge bases.

Definition 22 (Canonical interpretation for S) Let S =
{K1,...,K,} beafinite set of knowledge basesand L bea
ground atom. A canonical interpretation (resp. rigid canon-
ical interpretation) for S isa Herbrand interpretation (resp.
rigid Herbrand interpretation) Zs = (Mg, «) for S such
that

We show that this canonical interpretation isa (KB) X+-
interpretation and satisfies each knowledge base IC; in S.

Lemma2 Let S = {K4,...,K,} beafinite set of knowl-
edge bases. Let Zs be a canonical interpretation for S and
L «+— G beaclause. Then, the following statements hold:

1 Is,w., | L « Gifand only if Zs,w, = ground*
(L — Q).
2. Is isa(KB) X -interpretation of ;.

Proof. 1. (=) By Lemmal, Zs,w. E (L < G)f
(€ ground(L — Q)). Let (L — G)0“0 € ground™ ((L «—
G)G“) with 6% = {.’L‘li Sl/tl, R Sn/tn} By Def-
inition 20, we have t1 € I (51), vy tn € Ty (sn)
Hence, Zs,w,, = (L « G)@“ Therefore, by Lemmal
IS, Wy, ': (L — G)9u9 (¢) Let 9()(£Ek Sk) =t for
any ground term ¢, in Iva(sk) where Dom/(6y) = EVar
(L — G)(= {x1: 81,..., Tn: 5,}). We divide it by
0 {(zk: sk, 00(zk: sk)) | Oo(zk: sk) € Tos, )t and
0% = 0y — 0. So, weobtain (L — G)0“0 € ground™ (L «
G). By assumption, for al t; € I, (51) cotn €
Ly (sn), Taw([z1: s1/te, ..., Tn: sn/t ] we E Gim-
pliesZay[r1: s1/t1,. .., Tnt Sn/tal, we = L.

2. We show that Zs is a S-interpretation. By Defini-
tion 20, the conditions 1,2,3-(a) and 3-(e) of X-models (Def-
inition 9) hold. The condition 3-(c) is shown by the follow-
ing. Ifce Candc: — 7 € Q,thenwehave I, _ (c) =c: 7T

(by Definition 20 3-(b)). By the type predlcate rule in the
Horn-clause calculus, K; F p-(c: 7). So, by Definition 20
3@, c:T eI, () Thus, I, ()e[ () The con-

ditions 3-(b) and 3-(d) can be Shown by the subsort rule and
unsorted type predicate rule. Furthermore, by the definition
of 7% and Definition 22, we can derive that Zs is a S*-
interpretation.

Next, we prove that 7s satisfies IC;. Let L — G € K;
where EVar(L «— G) = {z1: $1,... ,Zp: Sp}. SO
we want to show Zs,w,. [= ground® (L « G). Case
L let (L « @) € groundt(L «— G) where § =
{z1: s1/t1,... ,@n: sn/t,} isaground sorted substitution
for L — G. SupposeIS, we FE{L1,... ,Ln}0 whereG =
{L1,...,Ln}. By definition 22, K; + L19 L Ki B L,6.
So, wehaveIC (L —{Ly,... n})e(bythesortedsub-
stitution rule). By thecut rule, ICZ- F L6 isderivable. Hence,
by Definition 22, Ts,wy, = L6. Therefore, Ts,wy, =
(L — G)f. Case 2: let (L «— G)0%0 € ground™ (L «+ G)
where 0% = {z1: $1/t1,... , Zn: Sn/tn} iSaground un-
sorted substitution such that IC; F ps, (tx) for1 < k < n
and {x1: $1,... ,&n: S} C EVar(L « G), and @ is
a ground sorted substitution for (L «— G)6%. Suppose

Is,wy, E {Li,...,L,}0"0 where G = {Ly,...,L,}.
By definition 22, IC; + L16%6, ..., K; = L,0"6. Then,
Kit+ (L <« {Li,...,L,})0"0 (by the unsorted substitu-

tionruleand K; F ps, (tx) for 1 < k < n). By the cut
rule, K; = L6"6. Hence, by Definition 22, Zs, w, E Lov6.
Therefore, Zs, w,. | (L < G)6"6. By thefirst statement
in Lemma 2, WEObtainI‘g,’LUKi):LHG. ]

Theorem 2 (Completeness of the Horn-clause calculus)
Let S = {K4, ..., K,} be afinite set of knowledge bases



and L be a ground sorted or ill-sorted atom. If C; =" L,

Proof. Suppose K; =" L. By Lemma2, Is,w, [= Ki.
Hence, we have Zs, W, = L. Therefore, K; - L by Defini-
tion 22. ]

Lemma3 LetS = {K4, ..., K, } beafinite set of knowl-
edge bases and Z be arigid KB X *-interpretation for S. If
Tw, = K" .. Tw, = K7 then Tw, = KT,
o Tiwe | cmt,

Proof. Suppose Z, w, = K", ... T,w, =K' Letx €
{1,...,n}. By Définition 18, K"t = K" UA(Th(K}")U
-+ U Th(K™). By Theorem 1 and Th(K*) = {L |
Km b L}, Iwe, = Th(KY), ... Tw,, | Th(KD).
Let p,(t) € A(Th(KT)U---UTh(K™)). Then, there ex-
ists K" such that p,(t) € Th(K]"). By assumption and
the soundness of the Horn-clause calculus, 7, w,, = p-(1).
S0, [t]y, o € lw, (7) because T isa Yt -interpretation.
Then, by Definition 10 (saying that for all w;,w; € W,
Ly, (1) = Ly, (1), L, (c) = Ly, (c) and I, (f) = L, (f)),
[[t]]w,C o€ IwKT(T). Hence, Z,w,._|= p-(t). Therefore, we
haveZ,w, | K7t 1
Theorem 3 (Soundness of rigid property derivation) Let
S ={K4, ..., K,} beafinite set of knowledge bases and
L be a ground sorted or ill-sorted atom. If KC; s L, then
K: ES L.

Proof. Suppose IC; s L. By Définition 19, there exists an
expanded knowledge base K of IC; such that ;" - L. So
we have K™ =1 L (by Theorem 1). Let Z be arigid KB
St-interpretation for S. Assume Z, w,. = K1(= KY), ...,
T,w, = Ko(= K)). By Lemma3, T,w, = K", ...,
T,w, = K. Hence, I,w, = L. Therefore, we obtain the
conclusion. '

We now define the set rigid-ground™ (L +— G)
ground(L — G) U Jground((L «— G)8*) with 0

971
{z1: s1/t1,... ,xn: sp/tn} Where K; bs pg, (tx) for 1 <
k<nand{zi: sy,...

T Sn} C EVar(L «— G).

Lemmad4 LetS = {K4,... ,K,} beafinite set of knowl-
edge bases. Let Zs be a rigid canonical interpretation for
S and L + G beaclause. Then, the following statements
hold:

1 Is,we, F L « G ifand only if Zs,w, = rigid-
ground™ (L — G).
2. Is isarigid KB X" -interpretation of ;.

Proof. 1. By Definition 21 and the definition of rigid-
ground® (L « @), this can be shown in the similar way
to the proof of Lemma 2.

2. First of dl, we have to show that the derivability I in
the Horn-clause cal culus can be applied to the rigid property
derivability Fs. Namely, if C; F Ay, ..., K; F A, derives
K; F Binaninferencerule thenC; s A1, ... ,K; Fs A,
derives IC; Fs B. Suppose KC; s A1, ..., K; Fs A,,. For

each A, there exists an expanded knowledge base "' of
KC; such that IC;" = A; (by Definition 19). Thus, if my >
mj for1 < j < n, then K" + Ay, ..., K" - A,.
Hence, K"* - B. Therefore, K; Fs B.

By the above claim and the same way of the proof of
Lemma 2, we can show that Zs is a X T -interpretation and
satisfies IC;. Furthermore, we haveto provethat Zs isarigid
Y-interpretation, i.e., (1) lw, (1) = Iu,(7), (2) Ly, (c) =
Ly, (c) and (3) I, (f) = ILu,(f). (1) lett € Ly (7).
By the definition of R75%, K; s p-(t). So, by Defini-
tion 19, K" + p,(t) where K is an expanded knowledge
base of /C;. This derives p.(t) € Th(K!"). By Defini-
tion 18, p,(t) € K. Then, KI'*' + p.(t). There-

fore, t € I, (7)(= RTy2). (D lete: — 7 € Q.
Then, I,,(c) = c¢: 7 = I, (c) (by Définition 21). (3) let
fimixoxt, — 7 € Q. Becausel,, (1) = I, () forany

TeT,wehavel, (f)(t1, ... ta) = f(t1,... tn): 7=
Iy (f)(t1, ... s tn) Where t, € I, () for1 < k < n
(by Definition 21). .

Theorem 4 (Completeness of rigid property derivation)
Let S = {K4, ..., K,} be afinite set of knowledge bases
and L be a ground sorted or ill-sorted atom. If IC; |:;E L,
then C; ks L.

Proof. Suppose that we have K; =& L. By Lemma 4,
Is,wy, =K, ..., Is,w, = Ky. Hence, by assumption,
Is,w, = L. Therefore, K; s L (by Definition 22). ]

Conclusion

We have extended an order-sorted logic and its Horn-clause
calculus by capturing the notion of the ontological property
classification. In particular, our logic contains three kinds of
expressions of properties (types, non-rigid sorts and unary
predicates) and adheresto therigidity of the different proper-
ties within instantiation and subsumption of properties (ex-
cluding 7 < o). Using these facilities, we have developed a
reasoning algorithm for many separated knowledge bases.
This knowledge base reasoning is provided by the sorted
Horn-clause cal culus with extracting rigid property informa-
tion from other knowledge bases. The suitability of thisrea-
soning is guaranteed by the fact that instantiation of rigid
properties and subsumption between sorts (as subsort rela-
tions) eternally hold as common knowledge, i.e., thetruthis
independent of the situation of each knowledge base.

Our future work concerns an ontological consideration
of the relationships part_of (Winston, Chaffin, & Hermann
1987; Simons 1987) and member _of which can be embed-
dedinvarious extensions of sorted logical systems (Kaneiwa
2004b; Kaneiwa & Tojo 2001). Although these have been
often used to build ontologies, the meanings are ambigu-
ously defined for some ontologies. For example, there may
be two definitions for the concepts professor and laboratory
such that (i) professors are parts of laboratoriesand (ii) Prof.
Smith is a member of the laboratory (but not an instance
of the laboratory). Combining these relationships with this
work can be expected to clearly formalize enriched termino-
logical hierarchies for ontology devel opment.
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